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We study and present the results of Berry connection for the topological states
in quantum matter. The Berry connection plays a central role in the geometric
phase and topological phenomenon in quantum many-body system. We present
the necessary and sufficient conditions to characterize the topological nature of the
system through the complex analysis. We also present the different topological
aspects of the system in the momentum space.
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2I. Introduction
In nature, matter has different states such as solid, liquid and gaseous. These states are char-
acterized by their internal structures. Other than internal structures, there exists symmetry.
With discovery of fractional quantum Hall effect, there arose a new type of matter, called
topological state of matter [1]. These materials have a new type of internal order called
topological order which makes them to be different from other materials. They are materials
which conduct along the edge [2] and are insulators at the bulk. The conduction along the
edge is protected by two major symmetries [3–5], time reversal and particle-conservation
symmetry. The physics of Landau Fermi liquid theory provides a major description of the
symmetry breaking phenomenon of quantum many-particle system. However the major
limitations of Landau theory of phase transition is that it is related with the local order
parameter. But it is well known for the study of the topological state of quantum matter
that they do not have any order parameter.
Berry phase is the main tool to characterize the topological state of the system [6–12]. When
a time-dependent Hamiltonian with a state |n〉 begins to evolve, it remains in the same state
till the end. But along with the dynamical phase, it may also acquire a geometric phase
depending on the path of evolution [13–16]. For a quantum adiabatic process, geometric
phase is generally known as Berry phase. The concept of Berry phase arises naturally
from Berry connection [17–20]. Berry connection is more fundamental than Berry phase
and Berry curvature. It is non-observable and non-vanishing quantity which shows the
overlapping of the wavefunction in an evolving system. It shows the connection from R to
R+ R manifolds in the Hilbert space H. In other-words it describes the parallel transport
of the Block state in momentum space. There are observations of tensor Berry connection
to explain the higher order gauge fields of quantum matter [21]. By the proper selection
of gauge one can explain the Berry connection of tensor monopoles found in 4D-Weyl type
systems, Berry phase with or without Krammer degeneracy, monopoles of Dirac and Yang
[22–24]. To analyze the nature of topological state of matter, we need to understand the
behavior of wavefunction.
Topological properties can also be determined by the complex analysis of the parameter
space [25, 26]. Topological phase transition points are considered as the singularity points
in the parameter space. Topological phase transition results in the gapless condition of
3the energy spectrum. Topological invariants like winding number, Chern numbers are ill
defined at these points. By using complex analysis method one can be define the topo-
logical properties both in gapless and gapped phases [27]. For the present study we show
explicitly that how Berry connection is related to the topological quantum phase transi-
tion in the momentum space and we present a way of complex analysis to verify the method.
Motivation of the study: The main motivation of this work is to explain a few topolog-
ical aspects of many-body system in an efficient manner. Topological states of matter are
characterized by the absence of local order parameters. But there are some studies which
considers Berry phase as the local topological order parameter [28]. So, one can calculate
the local topological order parameter (Berry phase) as a integration of Berry connection
over the all available energy states. The Fourier transform of Berry connection is correlation
function in 1D which gives the charge correlation function of Wannier states at different
points [29–32]. Recently there are studies to calculate correlation length, universality classes
and scaling laws by using Berry connection [33–36].
One can characterize the topological state of a quantum system by the physical entity called
Berry phase [37]. Berry phase exists where there is a closed interval. But Berry connection
is a more fundamental quantity which reveals the path of evolution of ground-state wave
function. Berry connection is a gauge dependent quantity which is equivalent to vector po-
tential in electromagnetic theory [17, 38]. The significance of non-trivial Berry connection
can be found in the Aharanov-Bohm effect [39]. Here we are interested to show how one can
directly study the topological behavior of the system just by studying the Berry connection
and we argue that Berry connection is the fundamental tool to study the topological state
of matter.
The study of geometric phase to characterize the topological state of matter has already
been done in the literature [40]. It finally gives the parametric relation of the system to
characterize the different topological aspects of the topological state of matter [41]. But we
show explicitly how the different topological aspects manifests in the momentum space. The
other motivation of the study is to do the complex analysis to characterize the topological
aspects of the problem. Complex analysis is a effective way to describe the state of a system.
Depending on the on the position of poles and zeroes, topological state of the system is
determined [26, 42].
4Outline of the work: In section II we introduce and explain our model Hamiltonian.
In section III we present a detailed study of Berry connection and variation of topological
angle. Here we give a clear picture between Berry connection, geometric phase and energy
spectrum of different topological phases. In section IV, we explicitly show the existence
of topological state from the perspective of complex analysis. Thus we verify how we can
verify the topological properties of the system.
II. Introduction to Model Hamiltonian
In this section, we first introduce the Hamiltonian of the present study. We consider the
Kitaev chain as our model Hamiltonian [41, 43, 44]. It is a lattice model of p-wave su-
perconductor in 1D [43]. Kitaev model has two phases. Topological phase for µ < 2J ,
non-topological phase for µ > 2J . Here the gapless condition occurs for the case µ = 2J
at k = 0, where the gapless condition occurs. Through energy dispersion study, we can
understand gapless state formation [41]. The Hamiltonian can be written as
H0 = [
∑
j
−J(cj†cj+1 + h.c)− µcj†cj + |∆|(cjcj+1 + h.c)], (1)
where J is the hopping matrix element, µ is the chemical potential and |∆| is the magnitude
of the superconducting gap. We write the Hamiltonian in the momentum space as
(2)H1 =
∑
k>0
(µ+ 2J cos k)(ψk
†ψk + ψ−k
†ψ−k) + 2i∆
∑
k>0
sin k(ψk
†ψ−k
† + ψkψ−k),
where ψ†(k)(ψ(k)) is the creation (annihilation) operator of the spinless fermion of momen-
tum k. We can write the Hamiltonian in the BdG format as
HBdG(k) =
 χ1(k) iχ2(k)
−iχ2(k) −χ1(k)
 . (3)
We can express the Hamiltonian by Anderson pseudo-spin approach [44–46]. One can write
the BdG Hamiltonian in the pseudo-spin basis as
~H(k) = χ1(k)~τ1 + χ2(k)~τ2 + χ3(k)~τ3 ⇒ HBdG(k) = Σi~χi(k).~τi, (4)
5where τi = (τ1, τ2, τ3) are the Pauli matrices, χ1(k) = 0, χ2(k) = 2∆ sin k and χ3(k) =
−2J cos k − µ.
To characterize the topological trivial and non-trivial phases of the Kitaev chain one can
construct the parametric space with axis, X = χ1(k)|χ(k)| and Y =
χ2(k)
|χ(k)| [42]. The unit vector
χ(k)
|χ(k)|
takes the closed path in the parametric space as k varies across the Brillouin zone. Therefore
the number of windings that the unit vector takes around its origin in the parametric space
defines the winding number. The winding number w = ±n with n = 0, 1, 2, ..., characterizes
the topological trivial (w = 0) and non-trivial (w = ±1) phases in Kitaev chain.
III. Study of Berry connection and variation of topological angle for the model
Hamiltonian
Here we present study of Berry connection and variation of topological angle within the
Brillouin zone boundary. The other important feature of the Berry connection is that it
transforms as a vector gauge potential under gauge transformation. Therefore in quantum
many-body lattice system, Berry connection associated with a Bloch state acts as an effective
electrostatic vector potential defined in quantum metric space. Gauge invariant quantities
can be defined from the Berry connection.
Here we mention very briefly how Berry connection is related with the Aharanov-Bohm effect
to illustrate the importance of Berry connection. In this experimental set-up magnetic field
( ~B = ~∇× ~A) outside the tube is zero [40]. But the vector potential is non-zero. So for any
closed trajectory around the flux tube, there is a global effect such that the line integral
over the vector potential gives [39] ∮
dr. ~A(~r) = nΦ, (5)
where Φ is total flux inside the tube and n is integer winding number of the trajectory
around the tube. It has shown explicitly in [41] that the phase acquired in Aharanov-Bohm
effect is the topological phase. Therefore the non-local effect of A¯ causes the topological
phase. By using Stokes theorem, one can connect the Berry phase and Berry connection
through the analytical relation, γn =
∮
c
An(r).dr, over the closed contour c. The resulting
6Berry phase will be 2pi or integral multiples of 2pi. If the contour is not closed Berry phase
won’t exists, because gauge dependency is not present.
The geometric phase acquired by the the wavefunction in Aharanov-Bohm effect is a gauge-
independent quantity. The phase acquired by the wavefunction is
φk =
∫
s
F (k).ds, (6)
where F (k) which is nothing other than the magnetic flux density or Berry curvature. It is
a gauge independent quantity. It can also be written as
F (k) = ∇k × A(k) = ∇k × 〈ψ(k)|i∇k|ψ(k)〉 = i〈∇kψ(k)|×|∇kψ(k)〉 (7)
Where A(k) is the Berry connection. Berry curvature is a geometric property of the system.
It can be observes as magnetic field effects in electronic as well as optical Hall effects.
Sometimes there arises the singularities in the parameter space of the vector potential. In
such cases Stokes theorem becomes invalid and the geometric phase is ill defined. Otherwise
geometric phase is always the integral multiple of 2pi.
φk =
∫
s
F (k).ds =
∮
c
A(k).dl = γ (8)
It is clear from the exclusive analysis that the Berry phase which is analogous to the magnetic
flux may be zero but Berry connection which is analogous to the vector potential is always
non-zero. The important result of this study is that for the topological state of matter
like topological insulator and topological superconductors, this relation between the Berry
connection and Berry phase is verified.
Mathematically for our model Hamiltonian Berry connection is expressed asAk = 〈ψk|i∂k|ψk〉 .
From eq. 4, we get the eigenvalues,
Ek = ±
√
(2J cos k + µ)2 + (2∆ sin k)2 =
√
2(J2 + ∆2) + µ2 + 2Jµ cos k + 2(j2 −∆2) cos 2k.
(9)
Eigenvectors are given by
(10)|ψ〉 = − i
2∆
(µ+ 2J cos k − Ek) csc k|↑〉+ 1|↓〉,
where, |↑〉 = (1, 0)T and |↓〉 = (0, 1)T are the column matrices.
7Berry connection is given by
(11)
Ak = 〈ψk|i∂k|ψk〉
= i
(
− i
2∆
(µ+ 2J cos k + Ek csc k)
)
∗
(
i
2∆
(µ+ 2J cos k + Ek csc k)
− i csc k(−2J sin k + −4Jµ sin k − 4(J
2 −∆2) sin 2k
Ek
)
)
.
After simplification we get
(12)Ak = −i(2J + µ cos k)(µ+ 2J cos k + Ek)
2 csc3 k
4∆2Ek
.
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FIG. 1: The upper panel of the figure shows the variation of Berry connection for Kitaev
Hamiltonian (Hk) with k. The red curve represents the topological case(µ < 2J), the blue
curve represents transition state (µ = 2J) and the green curve represents non-topological
state (µ > 2J). The middle panel shows the geometric phase for corresponding parameter
spaces. The lower panel shows the energy dispersion curves for the corresponding parametric
spaces.
Fig. 1 contains three panels. The upper panel shows the variation of A(k) with momentum
k. This figure presents three curves for different values of J (J = 1, 0.5, 0.2). These different
8curves are for different topological states of system. i.e. µ < 2J , µ = 2J and µ > 2J , as
one can find from the topological invariant number [46]. It is well known in the literature
that at the topological quantum phase transition point (µ = 2J) winding number shows
the discontinuous value. In the present study we show explicitly at this particular point,
at the first Brillouin zone boundary there is also a discontinuity in the Berry connection.
We show that at the topological quantum phase transition point, there is a jump of A(k).
For the topological states the A(k) curve is continuous over the BZ boundary and for the
non-topological states A(k) is within the BZ boundary. The middle panel shows the energy
dispersion relations with k for the corresponding three phases. One can observe how the
energy gap closes for the topological quantum phase transition point. But for the topological
and non-topological phases, there is a gap in BZ. The system goes from one topological
state to the other by closing the gap.
In the rotated basis we can write the Hamiltonian as
H(k) = (k − µ)σx − 2∆ sin kσy, (13)
where k = −2t cos k. We write the Hamiltonian in matrix form as
H =
 0 reiθ
re−iθ 0
 ,
where r =
√
(2t cos k + µ)2 + 4∆2 sin2 k and θk = − tan−1( 2∆ sin k2t cos k+µ).
θk is topological angle, which is the angle made by wave-vector in the Brillouin zone. The
integration over the variation of topological angle with wave-vector gives the geometric
phase. i.e.
γ =
∫ +pi
−pi
(
dθk
dk
)
dk. (14)
So, present model
(
dθk
dk
)
is given by
dθk
dk
=
2∆(2J + µ cos k)
(2J cos k + µ)2 + (2∆ sin k)2
. (15)
Fig. 2 shows the variation of the topological angle
(
dθk
dk
)
with the momenta k. The figure
consists of three panels. Upper panel is for topological (µ < 2J), middle is for critical
(µ = 2J), and lower is for non-topological (µ > 2J) case respectively. Each figure consists
9of four curves for different values of ∆ (∆ = 0.2, 0.5, 0.8, 1). The variation of θk is almost
absent for non-topological state, except at the very edge of the Brillouin zone boundary. We
observe that the variation of topological angle is maximum for topological state of matter.
We observe that variation is more prominent for lower values of ∆. We also observe that as
the system goes from the topological state to the non-topological state, the variation of θk
is small. This behavior of θk in momentum space is physically consistent with the behavior
of winding number.
-2π -π π 2πk
dθk
dk
(a) μ=0.5,J=0.5,Δ=0.2,0.5,0.8,1
-2π -π π 2πk
dθk
dk
(b) μ=1,J=0.5,Δ=0.2,0.5,0.8,1
-2π -π π 2πk
dθk
dk
(c) μ=1.5,J=0.5,Δ=0.2,0.5,0.8,1
FIG. 2: Variation of topological angle (dθk/dk) for Kitaev Hamiltonian (H) with k. The
upper panel shows topological case(µ < 2J), middle panel shows transition case (µ = 2J)
and the lower panel shows non-topological case (µ > 2J). Red, blue, green and yellow curves
represent ∆ = 0.2, 0.5, 0.8 and 1 respectively
This study of dθk
dk
show a reflection of topology in the momentum space. i.e. how the karnel
of eq. III behaves in the momentum space. It reveals for this study that the variation of
topological angle for different topological states are different.
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IV. An analysis of topology of the model Hamiltonian from the perspective of
complex variable
The argument principle of complex analysis allows one to calculate winding number of simple
closed contour about its origin. Argument principle states that the winding number can be
written as a contour integral of a meromorphic function f(z). This integral can be expressed
in terms of number of zeros and poles of f(z). Therefore the winding number w of a simple
closed contour about its origin, can also be expressed as a difference between number of
zeros and poles of f(z), i.e. w = Z−P [42], where Z and P are zeros and poles respectively.
The generic form of the Hamiltonian can be written as
H(k) = d(k).σ =
 0 q∗(k)
q(k) 0
 , (16)
where q(k) = −2J cos k − µ + 2i∆ sin k. The winding number can be calculated using the
definition [47]
w =
1
2pii
pi∫
−pi
dk
∂kq(k)
q(k)
=
1
2pii
pi∫
−pi
dk
2J sin k + 2i∆ cos k
−2J cos k − µ+ 2i∆ sin k . (17)
Writing sin k and cos k in the exponential form and substituting z = eik and dz = ieikdk,
one can rewrite the above equation [42, 48] as
w =
1
2pii
pi∫
−pi
dz
z
∆(z2 + 1)− t(z2 − 1)
(∆− t)z2 − µz − (∆ + t) . (18)
Winding number can be calculated using the argument principle of complex analysis. eq.
17 has a general form as
1
2pii
∮
f ′(z)
f(z)
dz. (19)
This integral can be solved by calculating number of poles (P ) and number of zeros (Z) of
the function f(z) as
1
2pii
∮
f ′(z)
f(z)
dz = Z − P. (20)
In our case f(z) has the form f(z) = 1
z
(∆(z2 − 1)− J(z2 + 1)− µz). Clearly it has a pole
at z = 0. It has two zeros, one at z = +1 if µ = −2J , another at z = −1 if µ = 2J .
Therefore the winding number is w = 2 − 1 = 1 if −2J < µ < 2J . Thus, in parametric
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space it encircles the origin one time. Either the winding number is +1 or −1. The sign
indicates the direction of encircling, clockwise or counterclockwise. This corresponds to the
topological region of the Hamiltonian H(k). If there are equal numbers of poles as well as
zeros, there will be no winding number. Here the curve will not encircle the origin. This
shows non-topological case. There are some cases when the zeros and poles are present on
the contour of the curve. At this point we can not explain the winding number for the
particular function. Here the curve touches the origin and the function is ill defined. This
point is known as topological phase transition point (fig.3).
FIG. 3: Parametric plot for the Hamiltonian H(k) for different values of µ.
Fig 3 contains three panels. Left one indicates the topological state of the system where the
origin is encircles by a closed curve. Middle panel represents the topological phase-transition
case where the curve touches the origin. Right panel shows the non-topological state of the
of the system where origin lies outside the closed curve. This is a straight forward method
to analyze the topological properties of the system.
The same results can be obtained in slightly different approach. First we write the Hamil-
tonian (eq.1) in Majorana operators with c†n =
a+ib
2
and cn =
a−ib
2
,
H = −i
[
N−1∑
j=1
(
J −∆
2
)
bjaj−1 −
N∑
j=1
(µ
2
)
bjaj +
N−1∑
j=1
(
J + ∆
2
)
bjaj+1
]
(21)
Generic form of this Hamiltonian can be written as
H =
∑
α=−1,0,1
γαHα, (22)
where Hα =
N∑
j=1
bjaj+α and γα=−1,0,1 =
(
J−∆
2
)
, µ,
(
J+∆
2
)
respectively. The Fourier transform
of the Hamiltonian is f(k) =
∑
α=−1,0,1 γαe
ikα. With z = eik we get the complex function
12
associated with the Hamiltonian,
f(z) =
∑
α=−1,0,1
γαz
α =
1
z
γ−1 − γ0 + zγ1 = 1
z
(
γ1z
2 − µz + γ−1
)
(23)
Thus we have the roots z1,2 =
µ±
√
µ2−4γ1γ−1
2γ1
=
µ±
√
µ2−J2+∆2
J+∆
. The complex function f(z)
has a pole at z = 0 and two zeros at z = z1 and z = z2. Topological, non-topological phases
and the transition between them can be characterized by observing whether two zeros fall
inside, outside or on the unit circle respectively. Using the argument principle of complex
analysis, topological invariant w = Z−P (where Z is number zeros that falls inside the unit
circle and P is number of pole) can be calculated. In our case the pole is always at the origin
of the unit circle. But values of two zeros z1,2 depends on the parameter values. We already
know for parameter condition −J < µ < J the system is in the topological phase and for
µ < −J and µ > J , system is in non-topological phase. µ = ±J is thus the gap closing point
indicating the topological quantum phase transition. This is shown more explicitly in the
fig.4 in terms number of zeros and pole of f(z). Left panel of fig 4 shows topological phase
for finite µ satisfying −J < µ < J . We observe both the zeros lies inside the unit circle
giving w = 2 − 1 = 1. The middle and right panel of fig 4 shows the system at the phase
transition point and at non-topological phase respectively. At µ = ±J we see one of the
zero lie on the unit circle while another lie inside, which gives w = 0. For non-topological
phase one of the zero lie inside and another lie outside the unit circle giving w = 0.
Figure 4 consists of three panels. Left panel represent the topological case. Here we can
observe both zeros lies inside the unit circle. The corresponding pseudo-spin (eq. II) vector
encircles the origin without any discontinuity. The middle panel represents the topological
phase-transition case. Here the zeros lies on the unit circle. The corresponding pseudo- spin
vector encircles the origin but there is a discontinuity at the phase-transition point. The
right panel represents the non-topological case. Here the zeros lies outside the unit circle.
The corresponding pseudo-spin vector does not encircles the origin.
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FIG. 4: Zeros and poles of the complex function f(z). Left panel: topological phase, middle
panel: phase transition case and right panel: non-topological phase respectively.
Conclusion: We presented the detailed analysis of the Berry connection for the Kitaev
model Hamiltonian and explained how the Berry connection can be helpful for the under-
standing of the topological properties of the system. We showed that how the topological
angle varies in the momentum-space as we vary the parameters of the system. We gave
the explicit explanation for the existence of topological state through the complex analysis
technique.
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